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Theory Questions
1. Let r˚ be our target radius. Given the training data S, the algorithm will return the value,
r̂ “ max tr|x2 ` y 2 “ r2 ^ cr˚ px, yq “ 1u
px,yqPS

Let r defined as follows,
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Let R be the ring defined as follows,
a
R “ tpx, yq|r ď x2 ` y 2 ď r˚ u
`
˘
Clearly, from the definition of R, we have
P
px, yq P R “ . If no point is in the ring R, the error
px,yq„D

exceeds . Thus,
P perror ą q “

m
ź
`
˘
P pxi , yi q R R “ p1 ´ qm ă e´m ă δ
i“1

Which implies that the required sample size is m ą 1 logp 1δ q.
2. First, we will show that V CdimpHq ě 4. Let S “ tp1, 0q, p0, 1q, p2, 1q, p1, 2qu be our sample set which consists of four 2D samples. We need to show that |ΠH pSq| “ 16. It can be easily shown that there exists an
axis-aligned rectangle for each possible labeling configuration of the samples. Two such possible labeling
configurations are demonstrated in the following image:

Thus, the VC-dimension of H is at least 4.
We will now show that V CdimpHq ă 5. Let S “ ts1 , s2 , s3 , s4 , s5 u be our sample set which consists of
five 2D distinct samples. The labeling configuration in which the most extreme points that lie on the tightest bounding axis-aligned rectangle (one most extreme per edge), are assigned positively. Clearly, there are
at most 4 such extreme points on the rectangle. The fifth point is either in the interior of the rectangle or
located somewhere on an edge, along which another positively labeled point is located. Hence, by labeling
the fifth point negatively we have found a labeling which is inconsistent with any axis-aligned rectangle.
Thus, the VC-dimension of H is at most 4.
3. First, we will show that V CdimpHq ě n. Let S “ te1 , ..., e1 u be the set of unit vectors. We need to show
that |ΠH pSq| “ 2n , which is easily achieved by setting the indices of T1 to be those of the positively labeled
samples in some labeling, while T2 can be empty.
We will now show that V CdimpHq ă n ` 1. Given n ` 1 vectors, there exists a vector v that is a linear combination of some other vectors, denoted by v1 , ..., v` . Since any hypothesis hT1 ,T2 is a function over
only n indices, for any such hypothesis hT1 ,T2 , its values for v and for v1 , ..., v` are dependent. Specifically,
there exists some labeling to the vectors v, v1 , ..., v` which is inconsistent with any hypothesis. Thus, the
VC-dimension of H is at most n.
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Programming Assignment
1. (a) The code should be run by ”python /a/home/cc/students/cs/talschuster/hw/ex1/q1/run.py a”
(b) The code should be run by ”python /a/home/cc/students/cs/talschuster/hw/ex1/q1/run.py b”
The accuracy of the prediction for k “ 10 is 86.9%. Since there are 10 possible labels for each samples,
1
. Therefore, we will expect it’s accuracy
for a completely random predictor: P rhpxq “ cpxqs “ d1 “ 10
to be 10%.
(c) The accuracy is gradually decreasing for higher values of k. Best value is k “ 1. The reason might be
that, after choosing the k neighbors, only the amount of labels is determining the prediction with no
value to the distance of each sample. Therefore, the single closest sample might be better than several
samples samples that are in the general same area.

(d) Using a larger amount of training images improve the accuracy. An intuitive explanation is that by
applying k-NN algorithm we relay on the assumption that closer samples have similar labels. By
increasing the amount of training samples, more samples are being added to the examined space.
Therefore, by using more training samples, the distance between each test sample to its nearest neighbor
is equal or lower. Specifically, in the case of 1-NN, the training sample that determines the prediction
will be closer to the examined sample and therefore, the prediction will be more accurate.
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2. The code for the following questions can be found in:
”/a/home/cc/students/cs/talschuster/hw/ex1/q2/X.py”, for X=a/c/d/e/f.
(a) The following image is a plot of 100 samples drawn from D, where the vertical lines are located at
x “ 0.25, 0.5, 0.75, and the best 2 intervals (as found by find best interval) are shown in blue.

(b) The hypothesis with the smallest error is given by, argminterrorphqu “ argmin
hPH
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This hypothesis consists of the intervals r0, 0.25s, r0.5, 0.75s, and gives the error
minterrorphqu “
hPH
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(c) The following image is a plot of the average empirical and true errors, averaged across the 100 runs,
as a function of m. The empirical and true errors are shown in red and blue, respectively.
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The true error is decreasing as m increases, since by using more data, the ERM algorithm is able to get
a better hypothesis which decreases its error over the true distribution. The empirical error increases as
m increases since the error is more easily minimized with fewer samples, and vice verca. The empirical
error approaches the true error as more data is used.
(d) The following image is a plot of the empirical error as a function of k.

In this setting, k ˚ “ 7, ..., 20. This experiment doesn’t necessarily mean that the hypothesis with k ˚
intervals is a good choice, for a few reasons. First, this depends on the size of the data we have used,
which might be insufficient to generalize well. Additionally, this is a random draw of samples from the
true distribution, and in order to get a more robust result we should have used multiple draws and
average the error across runs. Finally, we know that by using too many intervals, applying the ERM
algorithm will cause overfitting (e.g. by setting an interval per positive sample), hence choosing the
value that achieves the minimal error over the training data is not necessarily a good choice.
(e) The following image is a plot of the empirical error and true error averaged across runs, each run
generated by the above procedure.
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As stated in the previous question, choosing the value that achieves the minimal error over the training
data is not necessarily a good choice. This is demonstrated in the above plot in which the minimal
true and empirical errors do not agree.
(f) To perform a cross-validation (CV) with the m samples we need to use n samples for validation and
n
train on the other m ´ n samples. We will repeat this experiment m
times, each time using different n
samples as the validation set. This experiment is repeated for different k values. Since we assume here
that we don’t know the true distribution, this gives us a good measurement because the validation
error is a prediction of how our trained model will perform for new samples. The use of cross-validation
allows us to use all the data when choosing the best k value.
Note: the partition to sets needs to be from random indexes since the data here is sorted.
Below are the results for a 5-fold CV (a) and a leave-one-out CV (b). From both we can conclude
that the best k to use is 2, which is the same k value that gave the lowest true error on the previous
section. The validation error for the leave-one-out is lower since we use more data for training the
model.

(a) 5-fold cross-validation

(b) leave-one-out cross-validation
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